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Abstract - Queuing analysis is to offer a reasonably
satisfactory service to waiting customers. It is not an
optimization technique. It determines the measures of
performance of waiting lines such as the average waiting time
in queue and the productivity of the service facility; this can be
used to design the required service installation. Queuing
models vary from single to multiple channel systems of
arrangement. The rate of arrival of customers requiring
service a times is greater than the rate of service, this
imbalance may be temporal but during that temporary
imbalance period, a queue is always formed. Formation of this
queue was found to cause increase of customers waiting time,
overstressing of the available servers and loss of goodwill in
this case study. Hence the adoption and application of multi-
channels and parallel multi-servers model for proffering
solution to this filling station bottleneck. The arrival of
customers in this case study, followed a poisson probability
distribution at an average rate of customers arrival per unit of
time and are served on a first-come, first-served basis by any
of the servers. The services times are distributed exponentially.
The performance measure of this adopted queue model was
carried out to be able to know numbers of customers waiting
in the queue and in the system, waiting time of the customers
in the queue and in the system as well as the utilization factor
for the servers in this case study. Based on this, management
decision was taken from the revelation of the performance
assessment of this filling station and policy for running this
filling station was formulated. Application of this adopted
queue model by using data collected from Nigeria National
Petroleum Corporation (NNPC) Mega Station revealed that as
number of Servers increases, customers’ average arrival rate
decreases; increase in average service rate reduces the
average waiting time in this system; as average customer in
the system reduces so also average customers in the queue.
Also as the probability of the system being busy reduced, the
probability of idleness increases. The case study is using 7
attendants presently, which gave utilization factor of 32%
bringing the idleness probability to 68%. Though service rate
increases while the system and queue time reduces; queue
formed in the system was negligible. The calculated mean for
the servers’ utilization factor is 0.46 (46%) as concerned this
study. The 0.47 (47%) obtained is closest to this value and
hence selected as the minimum benchmark. This minimum
benchmark of 47% was to select the number of attendant
required for this system. At utilization of 0.682 and idleness of
0.292, 3 attendants will be required. The waiting time in the
system Ws = 0.20hr, waiting time on the queue Wq = 0.13hr,
average customers’ queue Lq = 1, service rate u = 15 with
arrival rate of 10 customers per hour. The selected number of
attendant is five (5). Incentives can be given to create overtime
that will increase the utilization factor of these five
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attendance. Any value below this benchmark is not

encouraged for this system.

Keywords: Queue, model, performance assessment, multi-
channel, multi-servers, utilization factor.

I. INTRODUCTION

The queuing problem is a problem about a balance
between average waiting time of customers and the idle
time of the attendants in the filling station [12]. Queuing
theory is a collection of mathematical models of various
queuing systems. It is used extensively to analyze
production and service processes exhibiting random
variability in market demand (arrival times) and service
times [4]. They went further to say that the problem of
balancing the cost of waiting against the cost of idle time
of service facilities in the system arises due to the
probabilistic nature of the inter-arrival times of customers
and the time taken to complete the service to the
customers. Numerous investigators have studied
sequential queuing systems in filling station and their
researches have contributed greatly to knowledge as far
as operations analysis of a filling station is concerned.
According to [1], a case of a single server where multiple
customers on a single queue are being attended to by a
single machine attendant can be used. He used simulation
to find the mean and the variance of the time in the
system in terms of the busy time of the machine attendant
and the delayed time of the customers on queue.
According to [11] and [2], the problem of two queues in
parallel, with independent poisson arrival process and
general renewal service time processes attended by a
single machine attendant who switches without delay
from one queue to the other when the present queue is
empty can be solved. He obtains the Laplace transform of
the waiting lines in each queue in the filling station. The
case of random length of switching times is studied by [3]
focusing on two queues with change over times in a
filling station. He considers two switching rules (switch
when present queue is empty, and the case in which one
of the queues has non-preemptive priority over the other
and finds the Laplace transform of the waiting lines of the
customers in the filling station. They all worked on a
single server with one or two channels. This research
focuses on multiple servers and multiple queues in a
filling station using Nigeria National Petroleum
Corporation (NNPC) Mega Filling Station at Akure,
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Ondo State, as case study. Some prominent models used
in the queue problems and their developers are stated in
the table below.
Table 1. Mathematical Models Identified

SIN | Queue Component Mathematical Model Author(s) Year
1. Entity Arrival Model P{N (t+s)— N (t) = K} = e™(rs)* [12] 2002
------ t>0,s>0,k=0,1,2, k!

n I =
2. Service Model F)=— R #:3' —w<p<wmo >0 [12] 2002
V2o 2
3. Mean Delaying Time d =lim £N_ . Di/n n—ow i=1 [12] 2002
4. Mean Staying Time W= limEE - (wi/m) =lim ¥ (DitED) [5] 2002
n—owo i=1 n —oo i=1
5. Mean Step Length . rrgielde [12] 2002
Q=IlimJy T
T—oo
i T Lic)de I AT
6. Mean Entity Number L= “m-r[:- i fu 2 - [5] 2002
T—o0 T—oo
7. Average Customer I A [10] 2004
. =
(system). Single Channel u— 2
8. Average Waiting Time W 1 [10] 2004
; Vg = —
(system). Single channel n— A
9, Average Customer ! FE [10] 2004
ueue). Single channel q
(Queue). Sing ulu— 2)
10. | Average Waiting Time W A [10] 2004
ueue). Single channel Vg =
(Queue). Sing ulu— A)
11. | Probability of System A [10] 2004
Busy. Single channel P = ;
12 Probability of System A [10] 2004
Idle. Single channel Po =1- ;
13 | Probability of more k Pin > k) = (A|u)k+? [10] 2004
customers
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This research is no doubt controls the overall
production capabilities of most filling stations with multi-
channels and multi-servers system of operations to
predict the number of attendants required, the queues
formed or allowed for customers waiting for service. In
addition to this, this research creates simulation
techniques opportunity for solving bottlenecks in multi-
channels and multi-servers filling station. This paper
addresses the issue of how queues formed in the system
and how they can be reduced to the minimum. It predicts
the number of servers that will be needed in the system
for cost minimization and profit optimization. However,
multi-channels multi-servers system in which customers
on different queues are attended to by multiple servers
was only considered in this research as the queue
configuration.

Il. METHODOLOGY
The procedure for the required model development,
performance measures and stability of the model were
considered here.

A. Model Development

In this case instead of single server, there are multiple
but identical servers in parallel to handle servicing
customers. The arrival pattern was assumed to follow

poisson probability distribution at an average rate of A

customers per unit of time and is served on a first-come,

first-served basis by any of the servers. The service times

are distributed exponentially with an average of p

customers per unit of time. It is further assumed that only

one queue is formed. If there are n customers in the
queuing system at any point in time, the following two
cases may arise:

(i) If n<s, (number of customers in the system is less
than the number of servers) then there will be no
queue. However, (s-n) numbers of servers are not
busy. The combined service rate will then be:
HN=ny;n<s 1

(i) If n > s, (number of customers in the system is

more than or equal to the number of servers) then all
servers will be busy and the maximum number of
customers in the queue will be (n — s). The combined
service rate will be:

Hn=Su;n=>s ()

Thus to derive the results for this model, we have

pun=2Aforalln>0

_ny; n<s

Wt = {5 u, n=s )

The method of determining probability, P, of n customers
in the queuing system at time t and value of its various
characteristics is as shown thus:
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1. Determination of Differential-Difference Equations

of the System

Pn(t+ At)= Pn (t){1—AAtH1 —

nuAt} +P_(n+ 1) ()1 — AAtH(n+1

) wAt}+ P, (){ AAt}{1 — (n— 1)pAt}

=—(A4+nwP ()At+ (n+ )uP, ., (E)At+ 1P, (t) + B (£) + terms involving (M) 1
2n<s (4)

P.(t+At) =P (t){1 - MAt}{L-pAt} +P,., (t){1 - AAtfsudt} + P, (£) AAt{1 -5 pAt)

= —(A 4+ su)B (t)At + suP, ., (L)AL +

An — 1(t)At
+B_()+ terms involving (At)*;n = s (5)
and

P (t+ At) = Py(t)(1— AAtL) +
P (t)udt;n =0

(8]
Dividing these equations by At and then taking limit as

At — 0,we get
Pl (t)=—(A+nu)P(t)+ (n+1)uP +1(t) +1Pn—1(t);1<n<s
Py(6) = —(A+ SWB(E) + (SUP,y(8) + AP,y ()i n 2 s

and P (t)=

—(AP_O (t) +pP_1(tn=

0 (6)
2. Determination of the Steady-State Equations of the
System

In the steady-state condition, the differential equations
are obtained from the above equations as t—* 2. This

yield
—APD + p',Pl: l:l; n=0
—(A +nu)B+
(n
s

_("1 +Sﬂjpn + Sﬂpn+1 +‘;|’Pn—1 =
0; =5

3. Solving Difference Equations of the System
By applying the iterative method, the probability of n
customers in the system is given by

Pn
T
P—IF‘D ;7 M= S
I
- pn [:?:]
g P, in>=s5 p=A su

In order to find Py, we use the condition
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3 Mod hf(jrnExpected Waiting Time of a Customer in

I—ZF—ZP+ZF_ZnI() ZS'S”SS.R Fo AN Ly
- We l(s—lj ( ) (Eﬁ—«ljzlpﬂzj

=P IZ n! 5;.:, Zs!z:‘s (j_u)n FD] (L2)

n—=
4. Model for Waiting Time that a Customer Spends in

(Spjn 5 p: ] B i the SyStem )
n! s!1—p p_sp. M=Wq+; [10]

:Por'ltsp)* z ] -,

L 1
[since Z pt=p*+p T+ = p/(1— p), sum of%rzfl%ﬁtiﬁ.P.;p =1

n=s
. o 13)

Thus the probability that the systeTfhall be idle is 5. Model for Probability that all Servers are

1 (sp)™ 1 (sp)® simultaneously Busy (Utilization factor)
Py = n! sl1—p 3 p=A/sp - — 1 A"

= j(ﬂ Zs) = Z b= e (E) Fo

AF = Sﬂ n=s n=s
Z (—) I v e’ s
wiw) T = L) i O
sty oo\ g-a"
B. Performance Measures for the Model N m=l ) _
The performance measures considered involved: expected C. The Stability System for Multi-Channel Multi-Server
number of customers waiting in the queue and in the System ) )
system, expected waiting time of the customer in the The stability system for multi-channel multi-server
queue and in the system as well as the probability that all system was studied and the stability equation given as:
servers are simultaneously busy (utilization factor) YE[Ai(t)] < K —X¥_, [Ti=p(1—
. Pk)VQ c{1,2,..,L}
1. Model for Expected Number of Customers Waiting
in the Queue Where (15)
=Lo=(n—9)B, =X (n— :

. Ai = number of arrivals at channel i,
s)P, ——P, (9) K = number of servers
= L = number of channels

Equation (13) above explains the stability system for
multi-channel multi-server system in which Ai represents
the number of arrivals at channel i at a particular time, K
represents all the number of servers in the system and L
= —P, Z mp™;n—s=m represents all the number of channels in the system. There
will be N customers reaching the system at different or
the same time, and the interval of customers reaching the
system and the time of accepting service are random.
Customers select the shortest queue to stand in after
reaching the system. If all the queues are of the same
1 /A Asp length, customers enter according to the rate and
= (—) (s — ) movement of the queue. Consider a discrete time single
queue system with an arrival process A(t) and service
1 A Ap process é't . Assume that the arrivals are added to the
= (s — 1)! (;) (s — A) systern[:il e end of each time siét) Hence, the queue
length process X(t) evolves with time according to the

following rule [9].
2. Model for Expected Number of Customers in the X(t] — [X(t _ 1) —p:(t]) 1 A[t]

System

m—1 _

PP, mg _Pud[

A (16)
L.= [Lq + d (11) A queue satisfying the conditions above is called strongly
stable if
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t=1

1
lﬂmp ¥Z E[X(T)] < w
T=0
17) [7]

Customers form a queue in order of arrival into the
system and leave the system as soon as they receive
service as shown in fig.1 below.
fpe ofmodel. Servie Statins
Amvls  Quenes

—00—_—

—000—C_— s
—(00—L_—
—000—__—

Several, Parallel Servers - Several Queues Model

Fig.1 several parallel Servers —Several Queues Model.
Source: [6]

The major components of queuing system are the arrival
rate of the customer, queue or waiting-line formed, the
service rate and the outlet. Therefore, mathematical
model for the entity arrival mode, service mode and the
criteria of the queuing system are given below:
A = mean number of arrivals per time period
pu = mean number of people or items served per time
period
k = number of servers in the system

To run this software efficiently,
requirements must be met:
Operating System: Window XP Professional
Processor Speed: 720MHz and higher processors
RAM: 572MB at least
Hard Disk Space: 2GB at least
The coding environment as displayed above gives
room for proper arrangement of codes, instructions and

the following

AL ICL-ialel « L
Fig.3 Coding Environment
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Fig. 4. Results Sheet displaying the generated results from
the Software
D. Determination of the Bench mark for the number of
the attendants required.

The mean for the entire utilization factor is to be
determined. Any value below the mean value is hereby
rejected, because utilization factor above the mean (bench
mark) caused increment of idle time, less production time

and increase in service rate.
xl+x24+x3+---xn

The mean: X = -

0924079+ 067 +--+0.04 552
B 12 12
= 0.46

From the result table, the closer utilization value is 0.47.
Based on the utilization factor of 0.47, the number of
attendants required for this system is 5 attendants (since
the use of 5 attendants will make the utilization factor to
be) Therefore to determine the acceptable utilization
factor for the policy making in this system requires the
average value for the utilization factor between the
highest value of 0.95 to the bench mark value of 0.47.
This gives

= 0.92 +0.79+ 0.67 +0.56+0.47

&

= 0.682

P, = 0.682

By reason of interpolation, the idleness percentage is
determined
092—-0682 0.53—x

0682 — 0.47 x — 0.08
0.238(x — 0.08) = 0.212(0.53 — x)

0.45x = 0.1314
x = 0292 =P,
~ P= 0682 and P, = 0.292

I11. RESULTS AND DISCUSSION

The results obtained from this model showed that too
many servers lead to excess expenses on salary and
equipment as well as idleness of servers while too few
servers lead to over stressing of servers which kill their
goals and make customers wait too long on queue. This
can cause loss of goodwill. Therefore, the number of
servers must be optimized.
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Table 2: Summary of the Simulation Result

No | Ave | Ave | Ave | Ave | Aver | Aver | Pro | Pro
of rage | rage | rage | rage | age age b.of | b.
Ser | Arri | Ser | Wait | Wai | Cust | Cust | Sys | Of
ver | val vice | ing ting | omer | omer | tem | sys
S Rat | Rat | Tim | Tim | (syst | (Que | Bus | te
K |er |e,u |e e em), | ue), |V, m
(hrs | (hrs | (syst | (Qu | Ls Lq P 1dl
) ) em), | eue) (%) | e
Ws( |, Po
hrs) | Wq( (%
hrs) )
1 5 7 050 | 0.38 | 250 | 1.79 | 71. | 28.
42 | 57
2 4 8 0.25 | 0.13 | 1.00. | 0.50 | 50. | 50.
00 |50
3 3 9 0.17 | 0.06 | 0.50 | 0.17 | 33. | 66.
33 | 67
4 2 10 0.13 | 0.03 | 0.25 | 0.05 | 20. | 80.
00 | 00
5 1 11 0.10 | 0.01 | 0.10 | 0.01 | 09. | 90.
09 |91

Table 2 is the summary of the numerical results
generated from the software. The average waiting time of
customer in the system was 0.1 hrs for 5 servers, 0.17 hrs
for 3 servers, 0.25 hrs for 2 servers and 0.5 hrs for 1
server. From the customer scheduling policy models
identified, it was noted that the average waiting time of
customer in the queue and in the system is a function of
the service rate of the servers. As the number of servers in
the system increases, the average customers in the system
waiting for service reduces which reduce the waiting line
or queue formed.

IV. CONCLUSION

This research controls the overall production
capabilities of most filling stations with multi-channels
and multi-servers system of operations to predict the
number of attendants required, the queues formed or
allowed for customers waiting for service. In addition to
this, this research creates simulation techniques
opportunity for solving bottlenecks in multi-channels and
multi-servers filling station. The issue of how queues
formed in the system was addressed and how they can be
reduced to the minimum was also discussed. This helps in
predicting the number of servers that will be needed in
the system for cost minimization and profit optimization.
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Jump out of the Loop |

v

Delete the Customer Served from Event Table

v
Compute the Output
IAverage Waiting Time in the System, Ws
IAverage Customer in the System, Ls
IAverage Waiting Time in the Queue, Wq
IAverage Customer in the Queue, Lq
Probability of System Busy, P
Probability of System Idle, Po

L

Compute Equation for Ws, Ls, Wq, Lg, Pand Po |

T R =,
Pn = .
::n—.sPD in=sp =.;|,,:"r.5'j_
A
Lq+_ L=[1 {i)f Ap ]P _ 3_11.11” 1 £a\F
¢ e et Po= [z () +20) 25

Any more Yes

Computation??

No

Print Result
Ws, Ls, Wq, Lg, P and Po

Y

(i) Compute the stability of the
system

(ii) Check to know




